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In roll-to-roll manufacturing systems, a continuous web is passed through processing
machinery to obtain a ﬁnal product. During processing, diﬀerent kinds of operations
are carried out such as printing, coating, lamination, etc. The web, also called sub-
strate, can take the form of thin ﬁlm, belt, paper, rubber, strip, foil, fabric, etc. Many
of the products can be obtained in their rolled form, like newspaper, metal sheets, and
plastics. This roll-to-roll system is utilized for mass production within an automated
environment. The purpose of this study is to investigate Polyethylene terephthalate
(PET) thin ﬁlm web dynamics of a roll-to-roll system used in micro-contacting print-
ing applications. The purpose is to establish a mathematical model based on axially
moving string in the form of nonlinear diﬀerential equations to ﬁnd the relationship
among web frequency, axial speed and tension. Kelvin-Voight viscoelastic model is
introduced into the equation of motion and, analytical and numerical simulations are
xvi
carried out in Mathematica and Comsol respectively to investigate the string model.
The eﬀect of web tension, axial speed, air damping and dynamic viscosity on the time
history response of the system is analyzed using Galerkin's numerical approximation
and found that web axial speed, air damping and dynamic viscosity has no signiﬁcant
eﬀect as compared to the web tension, while air damping and dynamics viscosity mini-
mize the amplitude of time history response. The viscoelastic properties of PET (creep
and relaxation) are investigated at room temperature, thus conﬁrming its viscoelastic
behavior in ambient conditions. The analytical relationship among web axial speed,
transmitted tension and frequency is found from string model, which shows that web
vibration frequency is strongly aﬀected by web tension as compared to web axial speed
and in fact web axial speed has negligible eﬀect on the web vibration frequency. Numer-
ical simulations for string model are carried out in Comsol, ﬁnding that web vibration
frequency is strongly aﬀected by web transmitted tension as compared to the web axial
speed, thus validating analytical string model. A new displacement sensor is utilized
in this study to measure web transverse vibration. A Fast Fourier Transform (FFT)
algorithm is applied to web transverse displacement measured by displacement sensor,
to ﬁnd the experimental relationship among web axial speed, transmitted tension and
vibration frequency. Based on FFT analysis it is found that web transmitted tension
has strong eﬀect on the web vibration frequency and results are found in good agree-
ment with the analytical string model ones, while experimental results show stronger
eﬀect of web axial speed on web vibration frequency than the analytical string model
ones.
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CHAPTER 1
INTRODUCTION
This chapter is dedicated to the introduction of roll-to-roll systems and micro-
contact printing technology. Further, thesis contributions and organization are pre-
sented.
1.1 Introduction
In roll-to-roll manufacturing systems, a continuous web is passed through processing
machinery and ﬁnally a ﬁnished product is obtained. During processing, diﬀerent
kinds of operations are carried out, such as printing, coating, lamination, etc. The
web, also called substrate can take form of a thin ﬁlm, belt, paper, rubber, strip,
foil, fabric, etc. Many of the products can be obtained in their rolled form, such
as newspaper, metal sheets and plastics. This roll-to-roll system is utilized for mass
production within an automated environment.
Currently, nanostructures are commonly fabricated using techniques such as photo-
lithography, electron-beam writing and X-ray lithography. Although these are proven
technologies that provide high-quality outputs but still there are inherent problems.
These techniques are generally expensive, slow and the production of large patterns
is diﬃcult. Another technology is required that can enable economical manufacturing
of nanostructures at high production rates, low cost and good quality.
Micro-contact printing was developed in the early 90's by Whitesides and Kumar
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(a) µCP machine (b) subsystem layout
Figure 1.1: Roll-to-roll micro-contact printing (µCP) machine.
[1,2] at Harvard University. Micro-contact printing is a promising technology in which
a patterned elastomeric stamp is used to transfer patterns of self-assembled mono-
layers (SAMs) onto a substrate by conformal contact. It has been demonstrated with a
resolution of 30 nm, a minimum feature size of 40 nm and millisecond deposition time.
Presently the art remains primarily a research topic but by adapting the technology
to new processes makes feasible large scale manufacturing method. Micro-contact
printing machine was modiﬁed by stagnation in 2008 as shown in Figure 1.1a with
all its main parts can be seen. This machine was built by Massachusetts Institute
of Technology (MIT) team. This project is funded by the Center for Clean Water
and Clean Energy, a joint program between MIT and KFUPM. The layout of all
subsystems of µCP machine is presented in Figure 1.1b by Albert [3]. A detailed
literature about micro-contact printing, achievements and limitations is available in
[4, 5].
Web materials during process exhibit vibrations due to structural changes and
loading conditions, which can have a great eﬀect on the system dynamics. Web mate-
rials are transported at high speeds based on the industrial applications and are more
prone to vibrate and become unstable. Vibrations of a web material is of vital impor-
tance because it can have severe eﬀect on the production and quality of printing in
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roll-to-roll applications. Structural changes which are function of dynamic character-
istics like natural frequencies and mode shapes, geometric conﬁguration and material
properties cause vibrations. Small irregularities in structures are called mis-tuning
and when this combine internally with weak coupling, causing high sensitivity to vi-
bration phenomenon, called localization. Many of the researchers have investigated
that even a small degree of mis-tuning have signiﬁcant eﬀect on vibrations. In this
study our main goal is to investigate the eﬀect of these vibrations on dynamic behavior
of a roll-to-roll system with PET web, where a single-span simply supported string
model is considered for system dynamics analysis.
Micro-contact printing machine is developed by MIT team and the ultimate goal
is to get high quality mass production on micron level. To achieve this goal, it is
necessary to investigate the dynamics, longitudinal and transverse vibrations of the
web in a of roll-to-roll system. But due to the low frequencies of transverse vibra-
tion, they are more prone to all small internal or external disturbances. Therefore, a
new mathematical model is developed for the transverse vibration measurement of an
axially moving elastic and viscoelastic strings.
Dynamics and vibrations of a moving web is a complicated phenomenon and need
to be measured. Therefore, proposing and utilizing a proper sensor is an open re-
search area. In the literature researchers have used various approaches to measure
web transverse vibration, such as laser, pressure and infra-red sensors by Vedrines et
al. [6]. But in our case, a simple USB powered displacement sensor has been used to
measure web vibration with a 0.004 mil resolution and 82.6 mil linear range. This
leads to the following contributions:
1. A new mathematical model based on axially moving string is developed, lin-
earized and solved analytically to ﬁnd a solution for transverse vibration and
web dynamics response.
2. Kelvin-Voight viscoelastic model is used to introduce viscoelasticity to the axi-
3
ally moving string.
3. Harmonic Balance Method (HBM) is used for elastic and viscoelastic string
models and a relationship among axial speed, tension and frequency of axially
moving web is derived. The eﬀect of dynamic viscosity on web frequency and
amplitude time history response is investigated.
4. The eﬀect of damping due to air pressure is introduced to the elastic and vis-
coelastic axially moving string models.
5. Comsol simulations for stationary string and thin plate models are performed
to validated web frequency results as compared to the analytical models.
6. A novel displacement sensor based on light triangulation from ﬁberoptics bundles
is utilized to measure web ﬂutter.
7. On experimental data from sensor, Fast Fourier Transform (FFT) algorithm is
applied to get web vibration frequency at various web axial speeds and trans-
mitted tensions.
8. Viscoelastic properties of PET such as creep and relaxation at room temperature
using Instron 5869 testing machine are investigated.
1.2 Thesis organization
In chapter 1, introduction to micro-contact printing, importance and its history are
discussed brieﬂy. In addition to this, thesis contributions and its organization are
also discussed at the end of the chapter. In chapter 2, background of axially moving
materials, axially moving viscoelastic materials and web transverse vibration measure-
ment are discussed. In chapter 3, PET web characterization of viscoelastic properties
at room temperature by using Instron 5869 testing machine are investigating. In
4
chapter 4, transverse vibrations of axially moving string are investigating analytically.
The relationship for dynamic parameters is obtained and Comsol simulations for both
string and thin plate models are carried out to validate analytical results. In chapter
5, transverse vibrations are experimentally investigated and displacement sensor is
used to measure web ﬂutter and ﬁnd web frequency by using an FFT algorithm and
experimental results are compared with analytical ones obtained in chapter 4. Final
concluding remarks are presented and also further recommendations are suggested for
possible future work in chapter 6.
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CHAPTER 2
BACKGROUND
This chapter is about the literature study of axially moving materials which could
be strings, membranes, beams and plates. The main focus is on string model and
introducing viscoelasticity bring the discussion of axially moving viscoelastic materi-
als. Furthermore, almost all the previous sensors for web ﬂutter measurement and
advantages of the utilized displacement sensor are discussed.
2.1 Axially moving materials
In literature, studies about axially moving materials have been carried out in [7
9]. High transport speeds are attained through webs and their dynamic behavior
changes, therefore it is of vital importance to study and understand this behavior. To
understand the dynamics and vibrations of these materials, is of great signiﬁcance in
engineering. There are two types of axially moving materials, one is linear [1013] and
other is nonlinear [1417]. The nonlinear models are diﬃcult to deal analytically but
provide much more precise model behavior than linear ones. Web speed is important
and aﬀects instability of an axially moving system. It was investigated that speed
is not varying with time by Parker [11], where moving string is supported by elastic
foundation. This support provide a diﬀerent stability behavior to axially moving string
than the unsupported one. One the other hand, researchers also investigated the
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dynamics of such systems with a varying speed and this variation is considered to be
small harmonic one. In literature there is very limited work related to the viscoelastic
string and most of them are based on beam model. For example, Chen et al. in [18],
a viscoelastic beam is considered with a pulsating speed and time invariant response
was analyzed with the help of two nonlinear models. In many industrial applications,
a number of web materials like polymers, ﬁbers, belts, power transmission chains,
magnetic tapes, band saws, pipes for diﬀerent ﬂuids transportation, metal sheets and
papers are considered as axially moving strings materials. For a web to avoid breaking,
folding, wrinkling, it must be dynamically stable and not susceptible to vibrations.
To understand state of knowledge of these moving materials, K. Marynowski [19]
investigated both string and beam like systems . Van Horssen et al. [20] considered
axially moving string to be non-homogeneous and its equation was solved by initial
boundary value problem. Then non-homogeneity in the equation of motion was due
to the external force and velocity of the string was considered to be invariant. It was
found the method of Laplace Transform to solve the problem is better than modal
analysis.
2.1.1 Axially moving viscoelastic materials
In reality axially moving materials are considered to be energy dissipative mecha-
nisms. Viscoelasticity is an approach discussed by Zhan and Chen [18, 21], to model
these dissipative mechanisms. Many of the engineering devices such as paper, mag-
netic tapes, band saw, polymer and belts can be modeled as axially moving webs. A
thin, ﬂat rectangular material having small ﬂexural rigidity is called a web. Webs
translation speed varies from applications point of view for example, paper webs goes
up to 1968.5 in/sec as compared to 0.1 in/sec in the case of micro-contact print-
ing. Speed variations are very important for stable web operations, therefore, if web
goes above the critical speed where web frequency becomes zero, becomes instable in
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form of ﬂutter and divergence. With the web axial speed, tension is also an impor-
tant parameter and its variations eﬀect signiﬁcantly frequency of transverse vibration.
Transverse vibrations are of low frequencies therefore, are more prone to be aﬀected
by environmental and machine parameters. These vibrations are of main concern
to investigate the dynamics of such systems and if they are completely investigated,
then it is easy to apply control strategies for eliminating instabilities. Ghayesh stud-
ied analytically [22], nonlinear transverse vibration of a viscoelastic string which is
supported by a partial viscoelastic guide. Multiple scales method is implemented to
partial diﬀerential equations for stability through R-H criterion. Numerical solutions
are provided for studying the eﬀect of system parameters on natural frequency, sta-
bility conditions and bifurcation points of viscoelastic string model. Chen et al. [23]
investigated a computation method and independent functions set is suggested for
nonlinear vibrations of axially moving viscoelastic accelerating string. These inde-
pendent functions convert nonlinear partial diﬀerential equations (PDEs) into a set
of diﬀerential-algebraic equations which can be solved numerically. Zhang et al. [24]
analyzed transverse vibration of viscoelastic string by Galerkin method. Galerkin
method is applied based on stationary and translating eigenfunction to study both
chaotic and regular motion. Based on Poincaré maps, it is concluded numerically
that periodic, Quasi-periodic and chaotic motions exist in transverse vibration of such
systems. Chen et al. [25] investigated an accelerating viscoelastic string by deriving
equation of motion using second law of Newton . The diﬀerential-integral equation
is solved numerically by Galerkin approximation and the eﬀect of viscosity coeﬃcient
and frequency on time history response of the system is investigated.
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2.2 Web transverse vibration measurement
In roll-to-roll systems when web moves between rollers an important phenomenon
called web ﬂutter (complex oscillatory motion) occurs and it is similar to the motion
experienced by ﬂag. The causes of this phenomenon could be air jets exposure, air for
drying purposes etc. For a stable web operation, it is important to measure and apply
a proper control technique to minimize this ﬂutter. To measure this phenomenon
researchers have proposed diﬀerent sensors such as pressure sensor, laser sensor, infra-
red sensor, stroboscope, laser vibro-meter and vision based systems [6, 2633]. An
experimental procedure in which a laser sensor detects transverse vibration amplitude,
is used to ﬁnd tension in the web as frequency of free vibration can be found quite easily
from web tension was studied by Vedrines et al. [6]. In addition to this, sliding FFT was
used to separate force (process and machine created) and free vibrations. In Transient
eﬀect of moving head and tap is analyzed by Sundaram et al. [26], where analytical
model for web deﬂection is proposed and eﬀect of tension, stiﬀness, speed, damping
and edge is investigated. A camera and laser dots have been used to measure web
position with respect to the camera by Doignon et al. [27]. Due to the variation of web
position, frequencies were determined in an economical way. The source of variations
can be roller eccentricity, tension variation, motor torque, temperature variation and
web sliding. Naiver stoke simulations were used to determine ﬂutter amplitude and
air ﬂow around the web by Watanabe et al. [27]. Potential ﬂow analysis was used for
parametric study and viscous ﬂow analysis was used for web ﬂuttering, is time domain
base while potential ﬂow is based on frequency domain analysis. The complexity of
web motion is due to variations in tension, speed, geometric and material properties
and airﬂow around the web studied by Watanabe et al. [28]. Experimentally all these
eﬀects are found to be important for web ﬂutter. Visualization test is used for the
ﬂutter mode and air-ﬂow around the web. Dguyen has used contact-less sensors (Infra-
red optical sensor) to measure web ﬂuttering which can give ﬂuttering amplitude and
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frequency [29]. As frequency is proportional to web tension hence, it was measured and
control was applied to maintain the required level of tension for stable web operation.
A detailed method was given to control web tension variations by Wells [30]. A
contact-less sensor is used to measure web ﬂutter, its amplitude and determine web
tension. Based on this, a control strategy is applied to have proper tension in the
web. High amplitude vibrations limit the detector range and light source is sensitive
to ﬁber dust and ambient light as well. Reciprocating motion of the web is analyzed by
R.Ahola [31], where a light source and its detector was used for directing light on the
web and reﬂected light was received by detector which was susceptible to both machine
vibrations and dust contamination. Stanley et al. [34] has used an array of contact-
less proximity sensor was used for measuring sheet ﬂatness. Tension is applied to
sheet for removing compressive strains and an average of two measurements is taken
for analyzing transverse vibration of sheet by its reciprocating operation. A novel
collimated laser sensor was used by Seshadri et al. [32], where the ﬁber array receives
the reﬂected light from the web, in such a way that its direction is parallel to the web
ﬂutter. Furthermore, this sensor is direct, linear and unaﬀected by web properties.
Simple and no complex signal conditioning is required. After installation, no need of
recalibration. Due to the use of optical ﬁber, signal processing is done far away from
measurement area, hence it can be used in intense hot and humid environment, but
still no temperature stability control. Y. Chang et al. [33], investigated critical ﬂow
speed, wave speed, wavelength and ﬂutter frequency by using potential ﬂow theory.
Experiments were carried with the wind tunnel test, where tension and ﬂow directions
are perpendicular to each other. Instruments such as stroboscope and vibro-meter
were used for measurement web vibrations. Nguyen et al. [35] has used air pressure
in web ﬂuttering to generate a analogue signal and then processed to measure web
ﬂutter.
All the sensors discussed have pros and cons in their own capacity. For example,
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a complex computational method is proposed which could be aﬀected by low quality
images of the camera [27]. An infrared proximity sensor was used to measure web
ﬂutter but it cannot be used in sunlight and accuracy of range can be aﬀected [29].
The light reﬂects from web surface at speciﬁc reﬂection angles, which makes it sensitive
to angle of reﬂection and amplitude of vibration could be aﬀected [30]. Here the web
vibrations mainly depend upon time travel of light beam from source to receiver and
susceptible to both machine vibrations and dust contamination [31]. The position of
ﬁber array and source may be critical and a small deviation in angle can aﬀect the
received light intensity [32]. Stroboscope and laser vibro-meter were used for web
vibration measurements and such instruments required complicated and expensive
signal conditioning [33]. Web vibrations were determined from variations in pressure
signal generated by pressure sensor which are susceptible to jet exposure and air drying
environment [35]. Literature review revealed that each sensor with a sensing technique
has some limitations such as:
 Problems related to light intensity of experiential environment.
 Frequent calibration.
 Web material reﬂectance variations may create problems in performance.
 Dust contamination and extreme surrounding conditions have strong eﬀect on
sensor's performance.
 Exposure to air jet and air dryer could cause changes in pressure signal.
Further, these sensors need frequent calibration as none of them provide direct mea-
surement of web ﬂutter. The utilized sensor for measuring web transverse vibration
is found promising in dealing with existing limitations associated with the sensors as
reported in the literature. Advantages of this new utilized displacement sensor in this
study are:
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 It is simple and can be operated easily as a USB plug-in device.
 The displacement sensor needs no complex signal conditioning.
 It has two factory calibrations, one mirror and another diﬀuse surface. It can be
easily calibrated for other material surfaces and could store up to 25 calibrations
data.
 It measure the web displacement up to 0.180 µm which can be considered as
true displacement.
 It has its temperature control ability and reaches easily to thermal equilibrium
for operation.
 It can be used to measure both transverse and longitudinal displacements depend
upon its orientation with respect to the target surface.
 Due to its compact size and light weight, it can be place at various positions on
the web handling platform.
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CHAPTER 3
POLYETHYLENE
TEREPHTHALATE (PET) WEB
VISCOELASTIC PROPERTIES
The mechanical properties of PET in stretching are highly dependent on tempera-
ture, strain, strain rate reported [36]. It has many applications in ﬁber, food industry
for making clothes and manufacturing containers for liquids. It can be found with
ﬁber glass for resin applications in engineering. Its importance is due to its use as a
web in printing industry, cheap availability, good chemical and mechanical properties
and variety of metals such as gold, aluminum, copper etc can be printed on it. The
viscoelastic behavior of PET could aﬀect the dynamic response and transverse vibra-
tion during axial motion. Therefore, characterized for viscoelastic properties at room
temperature using Instron 5869 machine. This PET is also called Mylar, a commercial
name and a product made from resin PET.
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3.1 Introduction to Instron 5869 material testing
machine
The Instron 5869 testing machine can be used for determining creep and relaxation
properties of Mylar PET. The Instron machine has a control software (bluehill) which
has multiple templates for diﬀerent applications and one of the template is for creep
analysis. Mylar PET is used in all experiments with the same setup at room temper-
ature as shown in Figure 3.1.
Figure 3.1: Labeled picture of the Instron 5869 load frame.
 (A) Cross-head: The part of the load frame that moves up during a tensile test
or down during a compression test.
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 (B) Load cell: Measure the applied load and is designed for ± 1 kN maximum
load.
 (C) Sample grips: The sample grips hold sample during test, come in many
shapes and sizes from threaded to clamp.
 (D) Upper and lower cross-head limits: Trip switches for maximum height al-
lowing cross-head to travel during a test.
 (E) Manual up/down toggle: Moves cross-head up and down manually following
user command. The toggle only works however when software is loaded on
computer and using this button without software being loaded may result in
machine locking.
 (F) Emergency stop: Safety toggle pressing will immediately shut down all ma-
chine operations to avoid any unpleasant situation.
 (G) Sample: It is gripped between two jaws shown in Figure 3.1.
The physical and geometric parameters for Mylar PET used experiments are shown
in Table 3.1.
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Table 3.1: Mylar physical properties
Parameters Deﬁnitions
Web span length 11 in
Web width 4.5 in
Web thickness 3 mil
PET dynamic viscosity 2393.123 ksi s [36,37]
PET density 0.05022 Ibm/in3
Elastic modulus 725188 psi
Web tension 25 Ibf
Web stretching speed 0.1,0.2,0.3,0.4,0.5 in/min
Hold duration 3.98 or 4 min
End of test time 5 min
PET melting temperature 254 C
Experiment temperature 24 C
3.2 Experimental work of PET characterization
In this section viscoelastic properties (creep and relaxation) of Mylar PET are exper-
imentally investigated at room temperature.
3.2.1 Creep analysis of Mylar PET
Creep can be deﬁned as a time dependent permanent deformation under the appli-
cation of constant mechanical stresses. It occurs due to high stresses which are less
than the yield strength of the material under consideration. Creep is more severe at
high temperature and increases with high temperature of the material and environ-
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ment. Viscoelastic materials have both properties of viscosity and elasticity which can
be modeled by using a spring and dash-pot in many combinations such as Maxwell
and Voight models etc. Viscoelastic materials don't follow Hook's law and shows
nonlinearity, therefore relaxation and creep are used to deﬁne this behavior.
Mylar PET is usually resistant to creep and tests are performed at room tempera-
ture for diﬀerent web stretching speeds. For the ﬁrst experiment 0.1 in/min stretching
speed is used. Figure 3.2a shows that a constant load of 25 Ibf is applied to PET web
and reached to 25 Ibf within 22 sec, then maintained for 4 min and ﬁnally strain
produced is increased. In Figure 3.2b, an increase in strain after constant load ap-
plication is shown for clear visualization. This increase in strain is from 0.290 % to
0.297 % with high ﬂuctuations due to web slippage which clearly indicates viscoelastic
behavior and this means the sample deformation is time dependent.
(a) Strain rate at 0.1 (in/sec) (b) Strain (%) increase
Figure 3.2: Creep results from experiment no.1.
The main diﬀerence with this experiment no.2 as compared to the experiment
no.1 is that, now the specimen is stretched quickly with a stretching speed of 0.2
in/min and it reached to 400 oz or 25 Ibf within 11 sec instead of 22 sec as compared
to the experiment no.1. Similar to the experiment no.1, load is held constant for
4 min duration to observe strain variation with time. During constant holding force of
400 oz or tensile stress of 1980 ksi, similar strain behavior of an increase in magnitude
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is observed. During constant loading and 4 min interval, an increase from 0.311 % to
0.314 % is observed in the strain and then it started ﬂuctuating. In Figure 3.3a and
Figure 3.3b experimental results are presented. In Figure 3.3b after 11 seconds, there
is a sudden decrease in strain % and this is because of the web slippage during the
experiment.
(a) Strain rate at 0.2 (in/sec) (b) Strain (%) increase
Figure 3.3: Creep results from experiment no.2.
Now the stretching speed of the web is increased to 0.3 in/min in experiment no.3
with a reaching time of 8 sec to 25 Ibf load. Due to the constant stress, strain increased
after maintaining the load for a speciﬁc interval of 4 min. Now strain is increased from
0.302 % to 0.313 % due to its viscoelastic behavior and ﬂuctuations due to slippage are
less as compared to the experiment no.1 and experiment no.2 as shown in Figure 3.4a
and Figure 3.4b.
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(a) Strain rate at 0.3 (in/sec) (b) Strain (%) increase
Figure 3.4: Creep results from experiment no.3.
In experiment no.4 web stretching speed is raised to 0.4 in/min and it reached
in 6 sec to ﬁnal load of 25 Ibf. By increasing the speed, PET material reached to
its ﬁnal load in 6 sec and then held constant for 4 min duration. As the viscoelastic
behavior is time dependent and fast stretching speed absorb less force, due to which
strain increased from 0.294 % to 0.305 %, which is less when compared to experiment
no.3 in Figure 3.5a and Figure 3.5b.
(a) Strain rate at 0.4 (in/sec) (b) Strain (%) increase
Figure 3.5: Creep results from experiment no.4.
From all of the four experiments it might be concluded that creep occurred in
Mylar PET at room temperature. When the web is stretched and then held constant
for a speciﬁc duration, strain increases, which conﬁrms the existence of creep. It is ob-
served that when stretching speed increases from 0.1 in/min to 0.4 in/min, the percent
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increase in strain decreases because the PET sample absorbs less force. In addition
to this, it is observed that from low to high web stretching speed the ﬂuctuations of
strain decreases and the reason for these ﬂuctuations was found to be the slippage
of web during stretching. It is recommended to clearly analyze these properties, the
experiment time should be increased to relax sample material properly. Mathemati-
cally, creep behavior can be investigated using diﬀerent viscoelastic models, such as
Kelvin Voight model which says that, when a sudden stress is applied, deformation
approaches for pure elastic material and decaying exponentially:
(t) =
σ0
E
(
1− e(−Etη )
)
, (3.1)
where, (t) represents time dependent strain, t is time, σ0 is constant stress and E is
modulus of elasticity.
3.2.2 Relaxation analysis of Mylar PET
Stress relaxation can be deﬁned as the decrease in stress observed for the same amount
of strain generated in the structure. This relaxation depends upon time span length,
temperature and stress level of specimen. The same experimental setup is used for
both creep and relaxation analysis.
In relaxation experiment no.1, ﬁrst an extension is deﬁned, such as 98.5 mil in
computer software and then experiment is started to obtain this extension by stretch-
ing web specimen. The cross-head reached to 98.5 mil extension within 37 sec, with
a stretching speed of 0.1 in/min. The web specimen is held constant at 98.5 mil for
a duration of 4 min and stress behavior with time is observed. Relaxation plot is
obtained and stress relaxed from 3038 ksi to 2927 ksi in 4 min as shown in Figure 3.6a
and Figure 3.6b.
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(a) Stress rate at 0.1 (in/sec) (b) Stress (ksi) decline
Figure 3.6: Relaxation results from experiment no.1.
In experiment no.2, web stretching speed of 0.2 in/min is used and it took 17 sec
to reach 98.5 mil web extension. Stress relaxed from 3015 ksi to 2901 ksi during 4 min
time and reaching to the required extension within 17 sec as shown in Figure 3.7a and
Figure 3.7b.
(a) Stress rate at 0.2 (in/sec) (b) Stress (ksi) decline
Figure 3.7: Relaxation results from experiment no.2.
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(a) Stress rate at 0.3 (in/sec) (b) Stress (ksi) decline
Figure 3.8: Relaxation results from experiment no.3.
In experiment no.3, web stretching speed of 0.3 in/min is used and it took 8 sec
to reach 98.5 mil extension. The cause of relaxation is the molecular movement in
material structure. Stress relaxed from 2596 ksi to 2468 ksi during the 4 min time
shown in Figure 3.8a and Figure 3.8b.
(a) Stress rate at 0.4 (in/sec) (b) Stress (ksi) decline
Figure 3.9: Relaxation results from experiment no.4.
In the ﬁnal experiment no.4, web stretching speed of 0.4 in/min is used and it
took 6 sec to the sample, to reach 98.5 mil extension. Stress relaxes from 2585 ksi to
2454 ksi during the 4 min time shown in Figure 3.9a and Figure 3.9b.
It can be concluded from all four experiments that stress relaxation of PET web
occurs at room temperature, thus conﬁrming its viscoelastic behavior. Mathemati-
cally, relaxation behavior can be investigated using diﬀerent viscoelastic models such
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as Kelvin Voight model where we would free the material at time t1, then the elastic
element would retard the material back until the deformation becomes zero:
(t > t1) = (t1)
(
1− e−Eη (t−t1)
)
, (3.2)
where, (t1) represents time dependent strain, t is time, σ0 is constant stress and E is
modulus of elasticity.
3.2.3 Force-displacement and stress-strain analysis of Mylar
PET
The ﬁrst experiment was performed to get force-displacement relationship of Mylar
PET. From experimental data following plots are obtained which show a linear rela-
tionship between force and displacement for a 20 Ibf load as shown in Figure 3.10a.
(a) Force-displacement relationship for PET (b) Stress-strain relationship for PET
Figure 3.10: Tensile properties
Typical stress-strain relationship can be seen in Figure 3.10b. When stress in-
creased within the elastic limit at room temperature strain increased as well. In this
experiment only proportional and elastic limit were used where load is released before
the elastic limit, specimen went back to its original position and follows Hook's law.
This Hook's law from the plot can be deﬁned between points O and P. As OP is a
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straight line which shows that Hook's law of force-displacement is followed up to the
point P. From stress-strain relationship modulus of elasticity can be determined and
slope of the line in region where stress is proportional to strain called modulus of
elasticity. In Figure 3.10b, the slope is 764108 psi which can be veriﬁed from data
sheet [38].
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CHAPTER 4
ANALYTICAL INVESTIGATION
OF TRANSVERSE VIBRATION OF
AXIALLY MOVING PET WEB
In this chapter analytical models of elastic and viscoelastic axially moving string
are presented. For the elastic case, the equation of motion is linearized and the dy-
namics of amplitude time history response are obtained. Kelvin-Voight model is used
to formulate the viscoelastic string and amplitude time history response is compared
to that of elastic moving string. In the last portion of the chapter Comsol simulations
of stationary string and thin plate models are used to validate web frequency results
from analytical solutions.
4.1 Problem formulation of axially moving elastic
string
Formulation of the string is based on an axially moving string with a constant axial
speed v and constant web tension force P is applied along the x-axis of string. String
is considered to be uniform along the web length with a cross sectional area of A,
modulus of elasticity E and density (mass per unit length) ρ. Figure 4.1 shows a
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schematic for the vibrating running web.
Figure 4.1: Simply supported axially moving string exaggerated vibration.
Figure 4.2: Deformed segment of the moving string.
Let assume that A1 be the initial position of a point on the string at distance x
in axial direction with its coordinates (x1, y1), as illustrated in Figure 4.2. The ﬁnal
position of point A1 after deformation is A2 with coordinates (x2, y2). The point is
displaced at a distance w in the transverse direction. The new coordinates of point
A2 are:
x2 = x1 and y2 = y1 + w,
as y1 = 0 and dropping the subscript from both x1 and y1,
x2 = x and y2 = w. (4.1)
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Diﬀerentiating Equation (4.1) with respect to x yields,
dx2 = dx and dy2 =
(
dw
dx
)
dx. (4.2)
Therefore, length of the deformed conﬁguration can be expressed as follows,
ds =
√
(dx2)
2 + (dy2)
2,
ds =
√
1 + (w,x )
2 dx. (4.3)
Where the subscript notation denotes partial diﬀerentiation with respect to x. The
elongation of diﬀerential element is,
ds− dx =
(√
1 + (w,x )
2 − 1
)
dx. (4.4)
From elongation of the deformed element in Equation (4.4), strain can be determined
as,
 =
ds− dx
dx
=
(√
1 + (w,x )
2 − 1
)
= −1 + (1 + (w,x )2) 12 . (4.5)
Using binomial series expansion on Equation (4.5) given below,
(1 + nx)n = 1 +
nx
1!
+
n(n− 1)x2
2!
+ ..... (4.6)
Applying Equation (4.6) to Equation (4.5) as follows,
 = −1 + {1 +
(
1
2
)
(w,x )
2 +
(
1
2
) (
1− 1
2
)
((w,x )
2)2
2!
+ ....}. (4.7)
Neglecting 4th and higher order terms in Equation (4.7), yields simpliﬁed equation
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(4.8) representing a geometric nonlinearity reported in [39].
 =
1
2
w,2x . (4.8)
Kinetic energy of the string:
String moves along the x-axis has Kinetic Energy (K.E). The longitudinal and trans-
verse speed components can be derived by diﬀerentiating Equation (4.2) with respect
to time t,
dx2
dt
=
dx
dt
= v. (4.9)
Where v is the longitudinal velocity component. By applying product rule to ﬁnd the
transverse speed components, i.e.
dy2
dt
=
(
dw
dx
)
dx
dt
+
(
d2w
dt
)
dx. (4.10)
Equation (4.10) represents the transverse speed component that is equal to w,t+vw,x,
where, x and t notations show partial diﬀerentiation with respect to x and t. Thus,
kinetic energy of the axially moving string is T = 1
2
mv2 which results in,
K.E =
1
2
ρA
∫ L
0
v2 + (w,t+vw,x )
2, (4.11)
where, ρA = m
l
is mass per unit length.
Potential energy of the string:
Potential Energy (P.E) is due to tension in the web and its axial deformation is given
by,
P.E =
∫ L
0
(
P+
1
2
EA2
)
dx. (4.12)
Where,  from Equation (4.8) represents nonlinear strain and axial stress σ can also
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be represented as follows,
 =
1
2
w,2x and σ = E.
Virtual work due to non-conservative force:
The variation of non-conservative force is given by considering viscous damping coef-
ﬁcient µ times transverse speed w,t as follows,
V.W =
∫ t2
t1
δWdt =
∫ t2
t1
(−µw,t )δwdt. (4.13)
Hamilton's Principal:
The Hamilton's principal to obtain equation of motion is,
δI =
∫ t2
t1
(δK.E − δP.E + δV.W )dt. (4.14)
Substituting K.E, P.E and V.W in Equation (4.14) yields,
δ
∫ t2
t1
(
ρA
2
∫ L
0
[
v2 + (w,t+vw,x )
2
]
dx
)
dt
−δ
∫ t2
t1
(∫ L
0
[
P
2
w,2x+
EA
8
w,4x
]
dx− µw,t δw
)
dt = 0.
Expanding the above equation and multiplying by 2 as follows,
δ
∫ t2
t1
((
ρA
∫ L
0
[
v2 + (w,2t +v
2w,2x+2vw,tw,x )
]
dx
)
−
(∫ L
0
[
Pw,2x+
EA
4
w,4x
]
dx− 2µw,t δw
)
dt
)
= 0. (4.15)
For detailed derivations of each term of Equation (4.15) please refer to appendix A.
Variation of non-conservative forces is given by viscous damping coeﬃcient µ times
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transverse speed w,t as follows,
∫ t2
t1
δWdt =
∫ t2
t1
−µw,t δwdt. (4.16)
Equation of motion is obtained by variation in kinetic and potential energies plus work
done by non-conservative force, therefore integrating all the terms over time yields,
∫ t2
t1
δLdt =
∫ t2
t1
(δK.E − δP.E + δV.W )dt = 0. (4.17)
∫ t2
t1
δLdt = ρA
∫ t2
t1
v2x
∣∣∣x=L
x=0
dt− ρA
∫ t2
t1
∫ L
0
w,tt δwdxdt+ ρAv
2
∫ t2
t1
w,x δw
∣∣∣x=L
x=0
dt
−ρAv2
∫ t2
t1
∫ L
0
w,xx δwdxdt+ 2vρA
∫ t2
t1
w,t δw
∣∣∣x=L
x=0
dt− 2ρAv
∫ t2
t1
∫ L
0
w,xt δwdxdt
−P
∫ t2
t1
w,x δw
∣∣∣x=L
x=0
dt+ P
∫ t2
t1
∫ L
0
w,xx δwdxdt− 1
4
EA
∫ t2
t1
w,2xw,x δw
∣∣∣x=L
x=0
dt
+
1
4
EA
(∫ t2
t1
∫ L
0
w,2xw,x
)
x
δwdxdt− 2
∫ t2
t1
µw,t δwdt = 0.
Above equation must hold for any arbitrary δw and w,x. The integrand should be zero
which gives equation of motion governing the transverse vibration of axially moving
string. Now gathering terms with coeﬃcients of δw yields,
∫ t2
t1
δLdt = −ρA
∫ t2
t1
∫ L
0
w,tt δwdxdt− ρAv2
∫ t2
t1
∫ L
0
w,xx δwdxdt
−2ρAv
∫ t2
t1
∫ L
0
w,xt δwdxdt+ P
∫ t2
t1
∫ L
0
w,xx δwdxdt
+
1
4
EA
(∫ t2
t1
∫ L
0
w,2xw,x
)
x
δwdxdt− 2
∫ t2
t1
µw,t δwdt = 0.
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Simplifying and multiplying by negative sign gives,
ρAw,tt+ρAv
2w,xx+2ρAvw,xt−Pw,xx−1
4
EA
(
w,2xw,x
)
x
+ 2µw,t= 0.
Where, ρA = ρl and giving the following simpliﬁed equation,
w,tt+2vw,xt−
(
P
ρl
− v2
)
w,xx−3EA
4ρl
w,2xw,xx+
2µ
ρl
w,t= 0. (4.18)
Finally Equation (4.18) is obtained which is a second order nonlinear partial diﬀer-
ential equation of a moving string in space and time. Therefore, its solution requires
two boundary and initial conditions which are:
w(0, t) = 0, w(L, t) = 0, and w(x, 0) = 0, w,t (0, t) = 0. (4.19)
4.1.1 One term Galerkin discretization of governing equation
of axially moving elastic string
Galerkin method is used for discretization, therefore let us assume that,
w(x, t) = Tn sin
(npix
L
)
.
Where, sin(npix
L
) is the ﬁrst mode shape of vibration for the simply supported station-
ary string and Tn is called generalized displacement reported in [40]. For one term
approximation n = 1,
w(x, t) = T sin
(pix
L
)
. (4.20)
31
Substituting Equation (4.20) into Equation (4.18) yields,
sin
(pix
L
)
T¨ +
2vpi
L
cos
(pix
L
)
T˙ +
pi2
L2
(
P
ρl
− v2
)
pi2
L2
sin
(pix
L
)
T
+
3
4
EA
ρl
(
Tpi
L
cos
(pix
L
))2 pi2
L2
sin
(pix
L
)
T +
2µ
ρl
sin
(pix
L
)
T˙ = 0.
Multiplying this equation by the ﬁrst mode shape of vibration and integrating from 0
to L yields,
T¨ +
2µ
ρl
T˙ +
pi2
L2
(
P
ρl
+ v2
)
T +
3EApi4
16ρlL4
T 3 = 0. (4.21)
Substituting Equation (4.21) into Equation (4.20), gives amplitude time history re-
sponse.
To study the amplitude time history response of an axially moving string, air damp-
ing is of vital importance, because of its dependency upon magnitude of surrounding
air pressure. For instance, if for a space vehicle, the vibration test is conducted under
ambient pressure conditions, the eﬀect of air damping on the system response will be
diﬀerent than the same test performed in reduced pressure environment. Thus, for a
complete investigation of such systems, air damping must be included. The level of air
damping is highly dependent upon conditions of pressure environment therefore, up to
value of 0.001 (5.71*10−6) N.s/m (Ibf.s/in) air damping is used in [41] and free trans-
verse vibration decay with air damping of a thin vibrating beam [42]. From Equation
(4.20), results show that air damping has a strong eﬀect on the amplitude time history
response, because its amplitude decreased with the increase of air damping shown in
Figure 4.3.
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(a) µ = 5.71*10−7 (Ibf s/in) (b) µ = 5.71*10−6 (Ibf s/in)
(c) µ = 5.71*10−5 (Ibf s/in) (d) µ = 5.71*10−4 (Ibf s/in)
Figure 4.3: Eﬀect of air damping coeﬃcient on amplitude time history response of
elastic string.
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Eﬀect of axial web speed on amplitude time history response of a moving elastic
web is also analyzed. It is concluded from Figure 4.4 that axial web speed has no
signiﬁcant eﬀect on amplitude time history response and this negligible eﬀect can be
conﬁrmed from [25].
(a) v = 0.1 (in/sec). (b) v = 1 (in/sec).
(c) v = 2 (in/sec). (d) v = 4 (in/sec).
Figure 4.4: Eﬀect of web velocity on amplitude time history response of elastic string.
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Eﬀect of web tension on amplitude time history response of moving elastic web is
also analyzed. It shows, that web tension has signiﬁcant eﬀect on the period of am-
plitude time history response. With the increase of web tension, period of amplitude
time history response decreased which can be clearly seen in Figure 4.5.
(a) P = 2.9 (Ibf). (b) P = 4.5 (Ibf).
(c) P = 5.8 (Ibf). (d) P = 7.1 (Ibf).
Figure 4.5: Eﬀect of web tension on amplitude time history response of elastic string.
4.2 Problem formulation of axially moving viscoelas-
tic string
PET web behaves as a viscoelastic material in stretching and important to consider
its viscoelasticity in the dynamic modeling of a roll-to-roll system. A viscoelastic
string with density of ρ, cross-sectional area of A, travels with a constant axial speed
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v and simply supported at both ends. Kelvin-Voight viscoelastic model is selected to
describe viscoelastic properties of PET web. String obeys Kelvin-Voight model [43,44]
and is composed of a linear spring and a linear dash-pot are connected in parallel as
shown in Figure 4.6. The corresponding linear diﬀerential operator Eˆ for Kelvin-
Figure 4.6: Kelvin-Voight viscoelastic model.
Voight viscoelastic model is,
Eˆ = E + η
∂
∂t
. (4.22)
Where, E is elastic stiﬀness constant of the spring and η is dynamic viscosity of dash-
pot. Stresses are added in case of parallel spring and dash-pot combination. Stress
σ(x, t) called longitudinal stress and material derivative is used to add the axial eﬀect
as follows,
σ(x, t) = E+ η
∂
∂t
+ v
∂
∂x
. (4.23)
Where,  is the nonlinear strain from Equation (4.8).
∂w
∂x
(
Aσ
∂w
∂x
)
=
3EA
2
(
∂w
∂x
)2
∂w2
∂x2
+ 2Aη
∂w
∂x
∂w2
∂x2
∂w2
∂x∂t
+ Aη
(
∂w
∂x
)2
∂w3
∂x2∂t
+ 2Avη
∂w
∂x
(
∂w2
∂x2
)2
+ Avη
(
∂w
∂x
)2
∂w3
∂x3
. (4.24)
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The Equation (4.18) is derived and is a second order nonlinear diﬀerential equation
of motion of a moving elastic string,
ρA
∂w2
∂t2
+ ρAv2
∂w2
∂x2
+ 2ρAv
∂2w
∂x∂t
− P ∂
2w
∂x2
− 3EA
4
∂w2
∂x2
(
∂w
∂x
)2
+ 2µ
∂w
∂t
=
∂w
∂x
(
Aσ
∂w
∂x
)
. (4.25)
Substituting Equation (4.24) into Equation (4.25), yields the second order nonlinear
diﬀerential equation of motion for the axially moving viscoelastic string which is,
∂w2
∂t2
+ v2
∂w2
∂x2
+ 2v
∂2w
∂x∂t
− P
ρl
∂2w
∂x2
+
2µ
ρl
∂w
∂t
=
9EA
4ρl
(
∂w
∂x
)2
∂w2
∂x2
+
2Aη
ρl
∂w
∂x
∂w2
∂x2
∂w2
∂x∂t
+
Aη
ρl
(
∂w
∂x
)2
∂w3
∂x2∂t
+
2Avη
ρl
∂w
∂x
(
∂w2
∂x2
)2
+
Avη
ρl
(
∂w
∂x
)2
∂w3
∂x3
.
(4.26)
4.2.1 One term Galerkin discretization of governing equation
of axially moving viscoelastic string
Galerkin method is used for discretization and let us recall from Equation (4.20) that,
w(x, t) = Tn sin
(npix
L
)
.
Where, sin(npix
L
) is ﬁrst mode shape of vibration for a simply supported stationary
string. For one term approximation n = 1,
w(x, t) = T sin
(pix
L
)
. (4.27)
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Substituting Equation (4.27) into Equation (4.26) yields,
sin
(pix
L
)
T¨ +
2vpi
L
cos
(pix
L
)
T˙ +
pi2
L2
(
P
ρl
− v2
)
pi2
L2
sin
(pix
L
)
T
+
9EA
4ρl
(
Tpi
L
cos
(pix
L
))2 pi2
L2
sin
(pix
L
)
T +
2µ
ρl
sin
(pix
L
)
T˙
+
Aηpi
ρlL
T cos
(pix
L
)
T
pi2
L2
sin
(pix
L
) pi
L
cos
(pix
L
)
T˙
+
Aηpi4
ρlL4
T
(
cos
(pix
L
))2
sin
(pix
L
)
T 2T˙ = 0. (4.28)
Multiplying the above equation by ﬁrst mode shape of vibration and integrating from
0 to L, yields simpliﬁed equation as follows,
T¨ +
2µ
ρl
T˙ +
pi2
L2
(
P
ρl
+ v2
)
T +
9EApi4
32L3ρl
T 3 +
3Aηpi4
8L3ρl
T 2T˙ = 0. (4.29)
Solution of substituting Equation (4.29) into Equation (4.27), based on axially moving
viscoelastic string is given below, which shows the amplitude time history response of
an axially moving viscoelastic string with the inﬂuencing parameters of damping, web
axial speed and web tension.
It can be concluded from Figure 4.7 that increasing dynamic viscosity will minimize
(a) η = 145.038 psi.s (b) η = 2393.123 psi.s
Figure 4.7: Eﬀect of dynamic viscosity on amplitude time history response of vis-
coelastic string.
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amplitude of system response same as that of air damping. In addition to this, the
decrease in amplitude means more energy is dissipated which is good, because it is
the property of viscoelasticity and can be veriﬁed from [25].
(a) µ = 5.71*10−5 (Ibf s/in) (b) µ = 5.71*10−4 (Ibf s/in)
Figure 4.8: Eﬀect of air damping on amplitude time history response of viscoelastic
string.
(a) v = 0.1 (in/s) (b) v = 4 (in/s)
Figure 4.9: Eﬀect of web velocity on amplitude time history response of viscoelastic
string.
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(a) P = 2.9 (Ibf) (b) P = 7.1 (Ibf)
Figure 4.10: Eﬀect of web tension on amplitude time history response of viscoelastic
string.
The eﬀect of air damping is obvious and absorbs energy of vibrations by reducing
its amplitude and can be veriﬁed from [42]. It can be inferred from Figure 4.8 that in-
creasing air damping will decrease amplitude of time history response of the system for
the same viscoelastic web. Therefore, it suggests that viscoelasticity and air damping
have the same eﬀect on the response. Eﬀect of web axial speed is analyzed for various
axial speeds on amplitude time history response of axially moving viscoelastic string.
It is concluded from Figure 4.9 that web axial speed has no signiﬁcant eﬀect on am-
plitude time history response and this eﬀect on amplitude time history response can
be conﬁrmed from [25]. It can be inferred from Figure 4.10 that web tension increases
frequency of amplitude time history response of the moving viscoelastic web.
4.2.2 Frequency of viscoelastic string model using Harmonic
Balance Method
Let us consider second order nonlinear diﬀerential Equation (4.26). It is assumed that
the frequency is harmonic therefore, its amplitude can be presented as,
w(x, t) = cos(ωt)u(x). (4.30)
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Let, ωt = f and substituting Equation (4.30) in Equation (4.26) yields,
−f 2u(x) cosf − 2vfu,x sinf −
(
P
ρl
− v2
)
u,xx cosf − 2µf
ρl
u (x) sinf =
9EA
4ρl
(u,x )
2 u,xx cos
2fcosf−−2Aηf
ρl
(u,x )
2u,xx cos
2fsinf−Aηf
ρl
(u,x )
2u,xx cos
2fsinf
+
2Aηv
ρl
(u,xx )
2 cos2f − 2Aηv
ρl
(u,x )
2 u,xxx cos
3f. (4.31)
Now averaging over one cycle means multiplying the above equation by cosf and
integrating this from f 0 to 2pi. The simpliﬁed resulting equation is a nonlinear
second order diﬀerential equation for the x-dependent function over 0 ≤ x ≤ L,
u,x f
2 +
(
P
ρl
− v2
)
u,xx+
27EAr
16ρl
(u,x )
2 u,xx+
3vη
2ρl
(u,x )
2 u,xx= 0. (4.32)
Now considering the ﬁrst mode shape of vibration, where Am is the amplitude of
vibration mode is given below,
u(x) = Amsin
(pix
L
)
, (4.33)
Substituting Equation (4.33) into Equation (4.32), multiplying it by sin
(
pix
L
)
, in-
tegrating from 0 to L and then dividing by 2pi yields,
f =
√
pi2
L2
(
P
ρl
− v2
)
+ 27A
2
mArpi
4E
64ρlL4
+ 3vA
2
mηpi
4
8L4ρl
2pi
. (4.34)
Finally Equation (4.34) is obtained which is the frequency equation for a viscoelas-
tic moving web and dividing this by 2pi converted it into Hz. Am can be represented
as Am = Lapi where a is called harmonic coeﬃcient and Ar is cross sectional area of
the string. Equations (4.42), (4.47) and (4.34) can be compared for linear elastic,
nonlinear elastic and viscoelastic webs frequency respectively as shown in Figure 4.11.
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(a) η = 2393.123 ksi.s (b) η = 145.038 ksi.s
Figure 4.11: Eﬀect of tension and axial speed on frequency.
These plots are based on a 3 mil thick web moving with an axial speed of 0.1 in/sec.
From the Figure 4.11a and Figure 4.11b it is clear that frequency of viscoelastic moving
web has same behavior as elastic one with the web transmitted tension. The eﬀect of
dynamic viscosity on web frequency is quite small therefore, little decrease is shown in
Figure 4.11b. The eﬀect of high dynamic viscosity value on the speed verses frequency
can be seen in Figure 4.12, thus concluded negligible eﬀect on web vibration frequency.
Figure 4.12: Eﬀect of dynamic viscosity η = 2393.123 ksi.s on speed verses frequency.
In this model two new Equations (4.47) and (4.34) are derived for web frequency
and their results can be compared to the Equation (4.42) based on linear elastic web
model and ﬁnally the results were found to be in good agreement [6, 45]. This also
allows us to use the elastic moving string model into the viscoelastic web experimental
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results.
4.3 Analytical solution of frequency analysis for elas-
tic string
Second order nonlinear partial diﬀerential equation of motion for the moving web is,
ρA
∂w2
∂t2
+ ρAv2
∂w2
∂x2
+ 2ρAv
∂2w
∂x∂t
− P ∂w
2
∂x2
− EA
4
∂w
∂x
((
∂w
∂x
)2(
∂w
∂x
))
+ 2µ
∂w
∂t
= 0. (4.35)
Where, A is string cross-sectional area and ρv is mass per unit volume. Dropping
damping and nonlinear terms due to which the above equation becomes as follows,
∂w2
∂t2
−
(
P − ρvv2
ρA
)
∂w2
∂x2
+ 2v
∂2w
∂x∂t
= 0
∂w2
∂t2
+ 2v
∂2w
∂x∂t
=
(
s2 − v2) ∂w2
∂x2
. (4.36)
It is a hyperbolic equation where, ρl =
ρv
ρA
is mass per unit length and s =
√
P
v
is
called wave velocity. Measured by stationary observer, a material particle on traveling
string experiences local, Coriolis and centripetal acceleration components w,tt, 2vw,xt
and v2w,xx respectively. Analytical solution of the above equation is,
w = D1 sinw
[
t+
(
ρv +
√
ρP
P − ρv2
)
x
]
+D2 sinw
[
t+
(
ρv −√ρP
P − ρv2
)
x
]
. (4.37)
Applying the boundary conditions of w = 0, at x = 0 and x = l to Equation (4.37)
yields Equation (4.38) and Equation (4.39) respectively,
D1 +D2 = 0, (4.38)
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D1 sinw
[
t+
(
ρv +
√
ρP
P − ρv2
)
l
]
+D2 sinw
[
t+
(
ρv −√ρP
P − ρv2
)
l
]
= 0, (4.39)
The simpliﬁcation of Equation (4.39) yields,
w
(
ρv +
√√
ρP
P − ρv2
)
l = w
(
ρv −√ρP
P − ρv2
)
l + 2pin,
f =
ω
2pi
. (4.40)
Substituting Equation (4.40) into simpliﬁed Equation (4.39), results in moving web
frequency is,
f = n
(
P − ρv2
2l
√
ρP
)
. (4.41)
For a stationary web, the speed v becomes zero and the above equation simpliﬁes to,
f =
(
nP
2l
√
ρP
)
. (4.42)
Using Equation (4.41) the relationship between web tension, axial speed and fre-
quency is plotted for various thicknesses in the following Figure 4.13, using parameters
of L = 11 in, width = 4.25 in, web density ρ = 0.05022 Ibm/in3, area A = 0.0063 in2,
0.0127 in2, 0.0212 in2, 0.0296 in2, speed v = 0.1 in/sec and tension T = 6.7 Ibf.
It can be concluded from Figure 4.13 that web with high thickness will vibrate with
low frequency by increasing web tension as compared to the low thick web. Similarly,
from Figure 4.14a and Figure 4.14b it can be inferred that web with high thickness
value will vibrate with low frequency by increasing the web axial speed as compared
to the low thick web. The behavior of frequency with web tension and axial speed can
be veriﬁed from [45].
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Figure 4.13: Eﬀect of web tension on frequency for various web thicknesses.
(a) (b)
Figure 4.14: Eﬀect of web axial velocity on frequency for various web thicknesses.
4.3.1 Frequency of elastic string model using Harmonic Bal-
ance Method
Let us consider second order nonlinear diﬀerential Equation (4.18) which is the gov-
erning equation of motion of the moving web. It is assumed that the frequency is
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harmonic therefore, its amplitude can be presented as,
w(x, t) = cosωt u(x). (4.43)
Let ωt = f and substituting Equation (4.43) into Equation (4.18) yields,
−f 2u(x)cosf − 2vfu,x sinf +
(
v2 − P
ρl
)
u,xx cosf
− 3EA
4ρl
(u,x )
2 u,xx cos
2fcosf − 2µf
ρl
u (x) sinf = 0. (4.44)
Now averaging over one cycle, i.e. multiplying Equation (4.44) by cos(f) and inte-
grating this f from 0 to 2pi. The simpliﬁed resulting equation is a nonlinear second
order diﬀerential equation for the x-dependent function over 0 ≤ x ≤ L,
u,x f
2 +
(
P
ρl
− v2
)
u,xx+
9EA
16ρl
(u,x )
2 u,xx= 0. (4.45)
By considering the ﬁrst mode shape of vibration, where A is the amplitude of vibration
mode and is given below,
u(x) = Amsin
(pix
L
)
. (4.46)
Substituting Equation (4.46) into Equation (4.45), multiplying it by sin
(
pix
L
)
, inte-
grating from 0 to L and dividing by 2pi yields,
f =
√
pi2
L2
(
P
ρl
− v2
)
+ 9A
2
mArpi
4E
64ρlL4
2pi
. (4.47)
The above equation is the frequency equation for moving elastic web and dividing
by 2pi converted it into Hz. Am can be represented as Am = aLpi , where a is called
harmonic coeﬃcient and Ar is cross sectional area. In addition to this, frequency of
web transverse vibration increases with the increase of harmonic coeﬃcient as reported
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in [46] and can be obtained here as well. Equations (4.47) and (4.42) can be compared
for linear and nonlinear frequency shown in Figure 4.15a and in Figure 4.15b.
(a) (b)
Figure 4.15: Eﬀect of web tension and axial speed on frequency.
These plots are based on a 3 mil thick web moving with an axial speed of 0.1 in/sec
for web tension verses frequency relationship. From Figure 4.15a and Figure 4.15b it
is clear that linear and nonlinear frequency of elastic moving web is same for both
cases tension verses frequency and axial speed verses frequency, thus can be veriﬁed
from Comsol simulations as well.
4.4 Numerical solution of frequency analysis using
Comsol
Frequency depends on both web tension and axial speed. But in the analytical solu-
tions for both elastic and viscoelastic web, vibration frequency is highly aﬀected by
web tension as compared to the axial speed shown in Figure 4.16a and Figure 4.16b.
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(a) Moving web. (b) Stationary web.
Figure 4.16: Eﬀect of web axial speed on tension verses frequency.
For both moving (4 in/sec) and non-moving cases the web frequency at 6.7 Ibf web
tension is 91.6 Hz. From both plots, it is concluded that axial speed is less important
for frequency because the axial speed has a very small eﬀect on the web frequency. Due
to this reason Comsol simulations for web frequency are carried out for a stationary
string and thin plate models to validate the analytical solutions results.
4.4.1 Frequency of a string model
In this model the natural frequencies of a pretensioned string using 2D truss interface
are computed and representing "stress stiﬀening". In fact, transverse stiﬀness of truss
elements is directly proportional to tensile force. Strings made of piano wire have
an extremely high yield limit thus enabling a wide range of pretensioned forces. The
results can be compared with the analytical solutions of axially moving elastic and
viscoelastic strings. Let us consider the following data for Comsol simulations:
 (a) Geometry:
∗ String length L = 11 in
∗ Cross-sectional area of the string = A = 0.0127 in2
 (b) Material:
∗ Young's modulus E = 725188 psi
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∗ Poisson's ratio ν = 0.38
∗ Mass density ρ =!0.05022 Ibm/in3
 (c) Constraints:
The string is simply supported i.e. pinned at both ends.
 (d) Load:
∗ The wire is pretensioned to σni = 529387 psi.
Web frequency for ﬁrst mode shape of vibration is obtained from analytical solution for
6.7 Ibf force is 91.6 Hz. Frequency result is obtained in Comsol as shown in Figure 4.17,
which veriﬁes the analytical models and web vibration frequency for linear, nonlinear
and viscoelastic string models is very close to 91.6 Hz at 6.7 Ibf web tension force.
Figure 4.17: Web vibration frequency.
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Figure 4.18: First eigen mode shape.
Figure 4.19: First six eigen mode shapes.
Finally Figure 4.18 and Figure 4.19 represent vibration mode shapes of a stationary
string model where Figure 4.18 represents only the ﬁrst mode shape of vibration and
second one represents all the six modes of vibration respectively. As the stresses are
known in advance, therefore it is possible to use an initial stress condition.
4.4.2 Frequency of a thin plate model
The same analysis was performed for a stationary thin plate model in Comsol. Mem-
brane is also called thin plate and it is interesting that results found, are very close to
the stationary string model. Thin plate is pinned at both ends and same initial stress
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is applied. The pinned boundary conditions have been used for both string and thin
plate models because in case of simply supported or pinned boundary conditions, the
displacement at x = 0 and x = L is zero, which were used in analytical and numerical
models to give the same frequency results. Therefore web vibration frequency results
can be seen in Figure 4.20a, Figure 4.20b and Figure 4.20c.
(a) 3 mill thick web. (b) 5 mill thick web.
(c) 7 mil thick web.
Figure 4.20: Tension verses frequency for various thicknesses of a thin plate web.
Where web frequency at 6.7 Ibf web tension and for 3 mil web is 92.17 Hz, 5 mil
is 71.82 Hz and 7 mil is 61.27 Hz respectively. From all these plots in Figure 4.20a,
Figure 4.20b and Figure 4.20c we can also conclude that web with a high thickness will
vibrate with a lower web frequency and results are in good agreement with analytical
solutions for axially moving elastic and viscoelastic string models.
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CHAPTER 5
EXPERIMENTAL
INVESTIGATION OF
TRANSVERSE VIBRATION OF
AXIALLY MOVING PET WEB
The purpose of this chapter is to describe the equipments and its use for the
experimental setup. In the setup, displacement sensor is used to ﬁnd the vibration
frequency of a moving PET web.
5.1 Equipment description
5.1.1 Micro-measurement displacement system (muMDS)
muDMS is a measuring system used for small displacements and based on D-type and
RC-type ﬁber-optics which provide linear output of the measured distance using USB
2.0 protocol and consists of:
1. Reﬂectance compensated ﬁber-optic bundles which is used for measuring ana-
logue input signals.
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2. A digital processing unit with a storage capacity of 25 calibrations.
3. A mini-USB connector is used for USB output.
4. An adapter cable used to connect standard USB to mini-USB.
5. An alternating and direct current (AC/DC) power supply of 12 volts with a
current of 350 mA and a weather-tight connector.
5.1.2 Sensor ﬁber optic probes
There are two types of ﬁber-optic probes D and RC models. D-types have random
mixture of transmitting and receiving ﬁbers which are always round bundles. While
RC-models are made of round and rectangular ﬁber-optic bundles. D-type sensors are
reﬂectance compensated and mainly used for one dimensional measurements where the
target reﬂectivity is not changing. RC-types sensors are used for measuring translation
and rotation motion of the target with varying surface reﬂectivity.
5.1.3 Reﬂectance compensated model operating principle
Operating principle is explained as follows:
1. One ﬁber-optic bundle is used to send light to the target surface while the other
two bundles are used to receive light reﬂected back from the target surface.
2. Transmit bundle is randomly mixed with one receiver bundle in the probe tip.
3. The two receiver bundles are mixed adjacent to one another.
4. In the two receivers light intensity is processed ratio-metrically in the DMS
compared with 24 bit resolution to store calibration data.
5. This ratio-metric function provides measured distance which is not depending
on changing reﬂectance of the target surface.
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6. For best operation, sensor tip should be clean and clear. Accurate value of
the amplitude depends upon precise reﬂection of rays from the target surface.
Alcohol, soft cloth and tissue can be used for cleaning the sensor tip.
5.1.4 Sensor tip alignment
In Figure 5.1 a displacement sensor, its axes and alignment ﬂat can be seen:
Figure 5.1: Sensor alignment illustration [47].
1. Flat on sensor casing is used to help in alignment and is parallel to ﬁber-optic
bundles split on sensor face.
2. Tip alignment depends on the applications, like for a cylindrical target x-axis,
tip should be parallel to the cylindrical axis.
3. Sensor x-axis should be parallel to the direction of motion.
4. It is 10 times more sensitive if tilt about y-axis than x -axis. Therefore, align
the target surface parallel to the sensor x-axis.
5. Alignment is easy for smooth and ﬂat surfaces.
6. Tip of the sensor should be perpendicular to the target surface.
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5.1.5 Calibration, communication and temperature stabiliza-
tion of the sensor
There are two factory calibrations for each sensor channel a mirrored and diﬀuse
target, for which up to 25 calibrations can be stored. USB port is used for commu-
nication and DMS pin 2 and 3 are used for transmitting and receiving purposes. For
temperature stabilization power is supplied and ampliﬁer is allowed to reach thermal
equilibrium in about 30 min or less. Then set temperature is increased 2 to 3 de-
grees above equilibrium and ﬁnally ampliﬁer temperature is maintained which only
ﬂuctuate within ± 0.1 0C.
5.1.6 Operating range of the sensor
Sensor should be placed within the operating range for optimum measurements. Sen-
sor is positioned, where signal to noise ratio is high i.e. where RC-function has steepest
slope. For each sensor, a sensitivity chart is given in [47], which shows the relation be-
tween RC-function vs. Distance. Each sensor is calibrated with a 0.007 mil accuracy
of a linear air bearing stage. Custom calibration can be done by moving the target
from stationary sensor with small steps and then bringing to its original position with
the same steps.
Mirror calibration is used for smooth, polished, glossy and mirrored surfaces while
diﬀuse calibration is used for dull surfaces. If diﬀuse calibration is not working, then
calibrate your system according to the following relative reﬂectance of some common
materials in Table 5.1.
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Table 5.1: Relative reﬂectance [47].
Material % Reﬂectance
Gold Mirror 100
Mirror Polished Aluminum 85-90
Mirror Polished Stls Stl 60-70
Brushed Aluminum 40-50
Copper Clad PC Board 45
Finely Ground Steel 30-35
Anodized Aluminum 20-25
Silver Paint, Glossy 15-20
Photo Paper, High Gloss 15
Inkjet Paper, Bright White 7-8
Fiberglass, Glossy 7
Black Plastic, Glossy 6
Black Matte Finish 3
Column of Water 2
Flat Black Rubber 1
5.1.7 Operation of the sensor
Install DMS control software on the PC and execute it which reads all the calibrations
table from the sensor. Open tab from single channel tab for a USB sensor and select its
serial number from the top down list. After reaching sensor to thermal equilibrium, it
is ready to collect measurement data and use DATA STREAM tab for high speed data
measurement. There are diﬀerent tabs and options in the control software for good
operation and for low data stream, a live plot is shown. But the important point is
that its capacity to show live plot of displacement is up to 60 samples/second which is
due to buﬀering limit. High stream data can't be observed due to this limitation, but
in saving the high speed data is accurate and no issue can be observed. For detailed
operation procedure please refer to manual of muDMS RC-100 PHILTEC sensor [48].
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5.2 Micro-displacement measurement system re-
ﬂectance compensated-100 sensor
muDMS RC-100 is a displacement sensor for measuring distance, displacement and
vibration of a target surface. It is manufactured by PHILTECT incorporation and
ﬁberoptics cable, sensor with a control DMS system is shown in Figure 5.2.
Figure 5.2: For distance, displacement and vibration measurement [48].
The features of muDMS RC-100 sensor are shown in Figure 5.3.
1. Output is reﬂectance compensated.
2. ∅ is the spot size and is equal to 98.5 mil.
3. Operating range 200 mil and Linear range 80 mil.
4. 1.3 mv/0.040 mil sensitivity is 33 mv/mil.
Figure 5.3: Features of the sensor tip [48].
57
The features of muDMS RC-100 sensor tip and cable which includes tip, collar, cable
length and their dimensions are given in [48]. Signal is reﬂected from the target and
received by the sensor. Then it is processed and converted to distance by using ratio-
metric calculation and stored by on-board sensor. Sensor can be gapped within the
operating range. Optimum performance is obtained if the sensor is gapped within
39.4-196.85 mil range where the sensitivity is high and RC function has steepest slope
as shown in Figure 5.4,
Figure 5.4: Typical response of muDMS RC-100 sensor.
where detailed standards speciﬁcations (electronics, ﬁberoptics and USB output)
of the sensor are given in [48]. These speciﬁcations represent the best case performance
where:
1. The Target surface is straight, smooth and highly reﬂective.
2. Sensor tip is perpendicular to the target surface.
3. Sensor is placed within the operating range of high sensitivity.
4. Cable lengths are standard and cannot be connected to other cables.
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5.3 Experimental setup of micro-displacement mea-
surement system reﬂectance compensated-100
sensor
The displacement sensor is installed on roll-to-roll web system platform and exper-
iments are conducted to measure amplitude of web ﬂutter as shown in Figure 5.5,
where various parts of experimental setup are presented. This sensor has much better
resolution of 0.007 mil as compared to the one discussed in [32]. This sensor has a
range of 200.7 mil, linear range of 82.6 mil and a Light Emitting Diode (LED) source
of light having a wavelength of 0.0340 mil. The reﬂected light is received by two re-
ceiver bundles and its intensity depends upon the material surface where mirrored or
polish surface easily gives high signal to noise ratio (SNR). The transmitted power for
all applications is 100 % and receiver power is dependent on surface reﬂectance and
adjustment of sensor position in the operating range.
Figure 5.5: Roll-to-roll platform for displacement sensor setup.
The transverse vibration is measured by using the displacement sensor with a
sampling rate of 651 Hz (muDMS RC-100 Sensor). The measurement acquisition is
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performed using DMS control software based on LabVIEW coding through USB port.
In software, live data can be seen as well it can be saved in ﬁlename.txt ﬁles. These
ﬁlename.txt extension ﬁles are then imported to Matlab and Fast Fourier transform
algorithm is used to ﬁnd web ﬂuttering frequency from recorded data. Sensor records
the data in millimeter or micrometer and are provided by the DMS control software.
For calibration mirrored surface is used which is factory based setting and its accuracy
is up to 0.007 mil.
5.4 Experimental results using displacement sensor
In all these experiments PET is used as a web which passes over two rollers. It unwind
the web from one roller and rewind it on another roller. The micro-contact printing
machine is run at various web axial speeds from 0 to 4 in/sec and applied diﬀerent
tensions from 3 to 9 Ibf to perform all the required experiments. The parameters of
PET used in the experiments are its length is 11 in, width is 4.5 in and thickness is
1.5 mil.
In the following plots 1000 data points are collected from the ﬂuttering web which
are shown in Figure 5.6a and after this FFT algorithm is used to determine frequency
of ﬂuctuation which is called frequency of displacement as shown in Figure 5.6. Sim-
ilar analysis are done, to ﬁnd frequency of velocity and acceleration by converting
displacement data to velocity and acceleration as shown in Figure 5.6a.
Particularly an experiment is performed at 3 Ibf web tension with a stationary case
for a 1.5 mil thick web. For a 3 Ibf web tension the web ﬂuttering frequency should
be 79.5 Hz from Equation (4.41) as compared to 79.99 Hz experimental value . At
4 Ibf it should be 70.9 Hz analytically as compared to 68.29 Hz experimental value.
These results are in good agreement with the analytical ones and can also be seen in
the following Figure 5.6. These results are taken from positive direction of machine
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which is counter clockwise.
(a) (b)
(c) (d)
Figure 5.6: Frequency analysis using FFT algorithm.
Based on the above analysis, a series of experiments are performed to established
a relationship between web transmitted tension and frequency. The results are shown
in Figure 5.7, which veriﬁes that at 0 in/sec axial speed the results are in very good
agreement for both experimental and analytical cases.
61
Figure 5.7: Eﬀect on web vibration frequency with the variation of web transmitted
tension
Now another experiment is performed with a 3 mil thick and 4.25 in wide web.
From analytical solution for this case of 3 Ibf web tension, the frequency should be
61.3 Hz as compared to 54.63 Hz experimental value. In the same manner, at 7 Ibf
analytically frequency should be 91.6 Hz as compared to 93 Hz experimental one. It
can be seen that the diﬀerence is very low between the frequencies at high web tension.
All the results are plotted as follows in Figure 5.8.
(a) (b)
Figure 5.8: Eﬀect on web vibration frequency with the variation of web transmitted
tension and axial speed.
From analytical solution between the web axial speed and frequency at 9 Ibf and
0 in/sec, frequency is 106 Hz as compared to 104.7 Hz from experimental data which
shows that web ﬂuttering frequency is relatively less aﬀected by web axial speed than
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transmitted tension. This variation of web vibration frequency with the axial speed
cannot be veriﬁed from the analytical model, as in analytical model web vibration
frequency varies slightly with the web axial speed. This kind of behavior was also
observed by [6] using laser sensor for web frequency determination. Now this experi-
ment is performed with a 5 mil thick and 4.25 in wide web. For an axial speed of 0.1
in/sec analytical frequency is 46.64 Hz at 3 Ibf as compared to 47.48 Hz for the same
axial speed. Furthermore, frequency at 7 Ibf is 72.02 Hz experimentally for an axial
speed of 0.1 in/sec as compared to the analytical result which is 75.44 Hz. It can be
concluded that the results are still good and are presented in Figure 5.9a.
(a) (b)
Figure 5.9: Eﬀect on web vibration frequency with the variation of web transmitted
tension and axial speed.
From web axial speed verses frequency plot in Figure 5.9b, it can be seen that for a
3 Ibf web tension, the diﬀerence in frequencies is about 17 Hz because at 0 in/sec the
frequency is 46.83 Hz as compared to 29.92 Hz at 4 in/sec. But at high web tension
of 9 Ibf, frequency is 98.2 Hz at 0 in/sec as compared to 29.92 Hz at 4 in/sec and the
diﬀerence is about 13 Hz. It is observed from these results that at high web tension,
web frequency diﬀerence is small for the same number of two axial speeds at 0 and 4
in/sec.
This ﬁnal experiment is performed for 7 mil thick and 4.25 in wide web shown in
Figure 5.10. For thick web high web tension is required to stretch it properly and make
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it movable on roll-to-roll machine. When the web thickness increases, web frequency
should decreases and it is also happening here. For a 7 mil thick web at 0 in/sec axial
speed and 3 Ibf web tension, web frequency should be equal to 40 Hz analytically as
compared to 40.76 Hz experimental result. Similarly, at 7 Ibf it must be analytically
61 Hz as compared to 61.65 Hz the experimental result. It can be inferred that
analytical and experimental results are in good agreement. All experimental results
cannot be veriﬁed form the analytical solution due to diﬀerent factors but many of
the results can be calculated and veriﬁed. In addition to this, it is advisable to use
high web tension forces for thick web to achieve a good properly axially moving web.
(a) (b)
Figure 5.10: Eﬀect on web vibration frequency with the variation of transmitted
tension and axial speed.
From web axial speed and frequency relation it is clear that frequency decreases
with the increase in web axial speed. From the plots, all curves in the start are not
smooth and behaving diﬀerently, one of the reason for this could be that machine is
not properly working at low web tensions. For example, while working on machine
if web tension is less than 3 Ibf, machine will not even move. At 9 Ibf tension and
0 in/sec axial speed, frequency is 72.35 Hz as compared to the same conditions and
changing axial speed to 4 in/sec, web frequency decreases to 58.59 Hz which shows
high dependency of frequency on web axial speed.
This procedure can be performed by using only one sensor (a displacement sensor
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and combination of wound and unwind rollers that are currently available on electrical
servo motors of machine) and other data are computed from sensor-measured data. It
is also possible to use additional sensors that may also be in operation with winding
and unwinding machine. In this case, it is necessary to choose during implementation
of web transmitted tension procedure between measured data and computed ones and
then employ data fusion. A number of diﬃculties faced are:
1. There could be a chance of interference between free and force vibrations and
their separation is not an easy task.
2. The web frequency is inﬂuenced by web axial speed, therefore it is more impor-
tant to consider high velocities relation with web frequency.
3. For large-width webs, model of a vibrating string or beam with low rigidity may
no longer be valid. In this case, model of a moving three dimensional membrane,
should be more appropriate for dynamic analysis.
4. The important thing is real value of tension in the web, as currently there is
no controller or measuring sensor which can actually provide exact value of
the transmitted web tension. Therefore, there are few values which cannot be
veriﬁed exactly from analytical solution.
5. Another important fact about micro-contact printing machine is that, it could
not move for a web tension less than 3 Ibf. Thus, it means that the force applied
through LabVIEW program to servo motors does not mean that same force is
applied on the web. There might be some inertial and friction torques losses
which are aﬀecting results.
6. Furthermore, sampling rates are veriﬁed from the companies but sensor does
not give exact sample rates and by changing sampling rate in Matlab algorithm,
numerous variations in results occur. For 7 mil thick web the sampling rate of
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510 is used which gives quiet good results instead of 651 Hz. The reason for
this is that, the recorded data is compared from txt ﬁle to the actually recorded
data by the sensor is 510 sample per second.
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CHAPTER 6
CONCLUSIONS &
RECOMMENDATIONS
Micro-contact printing is an emerging technology where roll-to-roll dynamics
and web vibrations play a key role in printing quality of the features. Therefore,
it is of vital importance to develop a new mathematical model and investigate the
eﬀects of diﬀerent parameters on system's dynamics and web ﬂutter. Furthermore,
experimental work provides a strong support to the analytical model by utilizing
a novel displacement sensor. PET web was characterized at room temperature,
thus conﬁrming its viscoelastic behavior. Furthermore, transverse vibration of a
PET web was investigated both analytically and experimentally based on an axially
moving string model. The governing equation of motion for the moving web was
derived by using Hamilton's principle. The Kelvin-Voight viscoelastic model was
successfully introduced into the mathematical model. Galerkin method was employed
for discretization of the governing equation of the moving web. Dynamic response
of the web is analyzed by determining inﬂuence of web axial speed and transmitted
tension, web viscoelasticity and surrounding air damping induced. Therefore, it
could be inferred that dynamic response was aﬀected more by transmitted tension
as compared to the web axial speed. Furthermore, air damping and dynamic
viscosity of the dash-pot tend to minimize the amplitude of vibrations. Second
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order diﬀerential nonlinear equation of motion for elastic web was linearized and
solved for web vibration frequency equation. In addition to this, the second order
diﬀerential nonlinear equation of motion was solved by Harmonic Balance Method
and web vibration frequency equation was derived for both elastic and viscoelastic
model of the web. Three diﬀerent frequency relationships were derived from linear,
nonlinear and viscoelastic equation of motion and it was observed that all of the
relationships provided quite similar results. For validation of frequency equation
results, simulations were carried out on Comsol for a stationary string and thin plate
models, and results are found to be in good agreement with the analytical ones.
Finally, a novel displacement sensor was utilized to measure web vibration amplitude.
A Fast Fourier Transform algorithm was used to obtain web vibration frequency for
axially moving webs. Thus, analytical and experimental results were found to be in
good agreement for web tension inﬂuence on web frequency while experimental results
also show stronger eﬀect of web axial speed on web frequency than the analytical
string model.
Possible recommendations for the future work could be:
 The mathematical model derived can be modiﬁed to consider the eﬀects of vary-
ing tensions and speeds.
 The equation of motion could be solved for other boundary conditions than the
simply supported one.
 The eﬀect of roller inertia, motor torque and varying radii could be introduced
to consider a more realistic model.
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APPENDIX
Simplifying equation (4.15) by taking each term individually as follows:
1⇒ ρAδ
∫ L
0
∫ t2
t1
v2dxdt
ρAv2
∫ t2
t1
∫ L
0
δdxdt = ρAv2
∫ t2
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x
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x=0
dt
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w,2t dxdt
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. As there is no variation in w between t1 and t2 , so it is equal to zero.
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dt
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